This paper considers finite group actions on compact bordered surfaces -quotients of unbordered orientable surfaces under the action of a reflectional symmetry. Classification of such actions (up to topological equivalence) is carried out by means of the theory of non-euclidean crystallographic groups, and determination of normal subgroups of finite index in these groups, up to conjugation within their automorphism group. A result of this investigation is the determination, up to topological equivalence, of all actions of groups of finite order 6 or more on compact (orientable or non-orientable) bordered surfaces of algebraic genus p for 2 ≤ p ≤ 6. We also study actions of groups of order less than 6, or of prime order, on bordered surfaces of arbitrary algebraic genus p ≥ 2.
Introduction
The main goal of this paper is to determine, up to topological equivalence, all the finite group actions on compact (orientable or non-orientable) bordered surfaces of algebraic genus p for 2 ≤ p ≤ 6. A bordered surface may be seen as the quotient space of an unbordered orientable surface under the action of a symmetry with fixed points. This was realised by Klein, who, after the seminal work by Riemann on unbordered orientable surfaces, initiated the study of groups of automorphisms of bordered surfaces at the end of the 19th century. Interest in this topic was resumed seven decades later when the work of Macbeath opened the door to the combinatorial study of groups of automorphisms.
Many results have been obtained since then. Lists of all finite groups of automorphisms of bordered surfaces, however, are known only for algebraic genus 2 and 3; see [7, 5] . The amount of combinatorial data involved increases rapidly with the genus, and this makes it very difficult to deal with higher genus using the techniques available until now.
The lists of groups given in [7, 5] are lists of non-isomorphic abstract groups. Here we are interested in lists of inequivalent topological group actions. This is a finer classification, as the same abstract group may act on the same surface in different topological ways.
In the case of orientable surfaces with empty boundary, the analogous topological classification was carried out for surfaces of genus 2 and 3 by Broughton in [4] . Similar results for genus 4 were obtained independently by Bogopolski in [2] and Kimura in [13] . Topological actions of finite groups and the stratification that they induce in the moduli space of surfaces of this type have also been studied in recent years -see works by Ries [17] , Weaver [21, 22] and Tyszkowska [18] [19] [20] , for example. It is also worth mentioning the study by Maclachlan and Miller, in [16] , of the number of equivalence classes of topological actions of a fixed group G by means of generating functions.
Unlike orientable surfaces with empty boundary, which are topologically classified by a single parameter (the genus), a bordered surface requires three parameters to classify it topologically, namely, its algebraic genus p, the number k of its boundary components, and its orientability. The triple (p, k, ), where = + if the surface is orientable and = − otherwise, is called the topological type of X . For a fixed value of p there are [(3p + 4)/2] − 1 different topological types of bordered surfaces, where [t] stands for the integer part of t. This is a classical result of Weichold. Hence a proper classification of group actions on bordered surfaces has to be undertaken not only in terms of the algebraic genus, but also in terms of the number of boundary components and the orientability. Our classification takes this into account and, accordingly, the list of group actions within each algebraic genus p splits naturally into [(3p + 4)/2] − 1 lists.
Just as an unbordered orientable surface may be endowed with a conformal structure, a bordered surface may be endowed with a dianalytic structure; see [1] . A surface with a dianalytic structure is called a Klein surface. Most Klein surfaces admit only the trivial automorphism, and, in fact, for genus p > 2, those with a non-trivial automorphism group constitute the singular locus of the moduli space of compact Klein surfaces of a given topological type. This locus can be decomposed into a finite union of irreducible subvarieties, each of which is characterised by a topological action of a finite group.
Thus, the study of groups of automorphisms of surfaces, and also of their different topological actions, is necessary for the study of the singular locus of this moduli space. This can be viewed as the quotient of the Teichmüller space under the action of the mapping class group. This action has finite isotropy groups, and it turns out that the conjugacy classes of finite subgroups of the mapping class group are in one to one correspondence with the topological equivalence classes of finite group actions.
Compact connected Klein surfaces may also be viewed as real algebraic curves, due to the well-known functorial equivalence between such surfaces and algebraic function fields in one variable over R; see [1] . Thus our results can be stated in terms of real algebraic curves and their groups of birational transformations defined over R. Namely, we classify all possible actions of birational transformations on real algebraic curves with real points of genus up to 6.
The paper is organised as follows. In Section 2 we introduce the basic notation and results on NEC groups to be used subsequently; we also give the definition of topologically equivalent actions of finite groups, and describe different ways of determining equivalence. Section 3 deals with groups of order up to 5. Inequivalent actions can be studied in the same way as group actions of larger order, but the complete list of all of them is too large to be included here. Instead we focus our attention on finding the topological types of bordered surfaces of any genus on which these groups act. In addition, we also consider groups of prime order, as natural generalisations of the cyclic groups of order 3 or 5. In Section 4 we study the outer automorphism groups of certain NEC groups, and give an explicit description of the effect of certain outer automorphisms on the generators of the NEC group. The key result there is Lemma 4.6. Finally, Section 5 shows how we have applied our findings to the determination of all inequivalent actions of groups of order at least 6 on compact bordered surfaces of algebraic genus p = 2, 3, 4, 5 and 6. These actions were obtained with the help of an algorithm for finding all normal subgroups of given small index in a finitely presented group.
Preliminaries
Let S be a bordered surface (which may or may not be orientable), and let Hom(S) be the group of its homeomorphisms (including those that reverse orientation, if S is orientable). Following Broughton [4] , we define an (effective) action of a finite group G on S to be an injective homomorphism ε : G → Hom(S). Let Aut G be the group of automorphisms of G. Two actions ε 1 , ε 2 : G → Hom(S) of the same abstract group G are topologically equivalent if there exist β ∈ Aut G and h ∈ Hom(S) such that
• e 1 , . . . , e k (orientation-preserving elements);
Defining relations:
• c is i = e i c i0 e
In the cases where k = 1, for notational convenience we let s = s 1 and replace the symbol c ij by just c j for 0 ≤ j ≤ s.
The orientation-preserving elements of Λ constitute the canonical Fuchsian subgroup Λ + of Λ. Observe that Λ + has index 1 or 2 in Λ, the former case occurring precisely when Λ itself is a Fuchsian group. The area of a fundamental region for an NEC group Λ with signature (1) is 2π µ(Λ) with
where α = 2 if the sign is +, and α = 1 otherwise. If Λ is a subgroup of finite index of Λ then Λ is also an NEC group, and its area is given by the so called Riemann-Hurwitz formula:
All the NEC groups that we will consider here will have at least one period cycle, that is, k > 0. We call these bordered NEC groups. A bordered NEC group with no non-trivial orientation-preserving elements of finite order is called a bordered surface group. Such a group has signature
Observe that if Γ is such a group then the quotient U/Γ is a compact bordered surface of topological genus g with k boundary components, and is orientable if + occurs, and non-orientable otherwise. The algebraic genus p of such a surface is defined
It follows from the Uniformisation Theorem that any bordered surface S of algebraic genus p ≥ 2 is of the form U/Γ for some bordered surface NEC group Γ .
An important fact in the study of finite group actions is that, given a surface S so represented, a finite group G acts on S if and only if there exist an NEC group Λ and an epimorphism from Λ onto G with Γ as its kernel. All finite group actions on bordered surfaces arise in this way, and in each case the subgroup Λ + has index 2 in Λ. An epimorphism whose kernel is a bordered surface NEC group is called a bordered smooth epimorphism. Consequently, we may study finite group actions by means of bordered smooth epimorphisms. To that end, we have to translate the relation of (topological) equivalent group actions defined above into an (algebraic) equivalence relation on bordered smooth epimorphisms. We will use the following lemma.
Lemma 2.1. Every homeomorphism of a bordered surface S lifts to a homeomorphism of the hyperbolic plane U.
Proof. This is obvious when the surface is unbordered since the projection π : U → S is a covering. In the bordered case, we use an argument from a paper by Fujiwara [11] . Let us fix a connected component X of U\π −1 (∂S), where ∂S stands for the boundary of S. Then a homeomorphism of S may be lifted to a homeomorphism of the closure of X , which is a universal cover of S. This lift may be extended to the whole of U using the reflections in the bordered surface NEC group uniformising S.
Let ε 1 , ε 2 : G → Hom(S) be two actions of the finite group G and let θ i : Λ i → G be the bordered smooth epimorphism associated with ε i for i = 1, 2. Assume that ε 1 and ε 2 are topologically equivalent. Then there exist β ∈ Aut (G) and h ∈ Hom(S) such that ε 2 (g) = hε 1 
= Λ 2 and so it induces an isomorphism α :
It follows that the diagram
commutes, that is, βθ 1 = θ 2 α. Conversely, assume now that there exist an isomorphism α : Λ 1 → Λ 2 and an automorphism β : G → G such that the above diagram commutes. Then the group actions constructed by means of the bordered smooth epimorphisms θ 1 and θ 2 are equivalent. This is a consequence of a theorem of Macbeath in [15] which states that every isomorphism α between NEC groups can be realised geometrically, that is, there exists a homeomorphism h * :
Thus we have the following algebraic translation of topological equivalence of actions. Since any bordered smooth epimorphism θ : Λ → G with kernel Γ is equivalent to the natural epimorphism Λ → Λ/Γ , it is easier to say that two actions θ 1 : Λ 1 → G and θ 2 : Λ 2 → G are equivalent if there exists an isomorphism α : Λ 1 → Λ 2 such that (ker θ 1 ) α = ker θ 2 . Accordingly, finding inequivalent actions associated with a given NEC group Λ is the same as finding normal subgroups (of finite index) in Λ up to conjugacy within Aut Λ (the automorphism group of Λ), and hence within Out Λ = Aut Λ/Inn Λ (the outer automorphism group of Λ).
The vector of canonical generators of the NEC group Λ is a specific ordered set of generators of Λ. The images of the elements of this ordered set under any bordered smooth epimorphism from Λ onto a group G make up what we call a generator vector of the group G (associated with the vector of canonical generators of Λ). It is clear that, given a vector of canonical generators of Λ, there is a one to one correspondence between the set of generator vectors of G and the set of bordered smooth epimorphisms from Λ onto G. Using this correspondence we will express the (equivalence classes of) group actions by means of (equivalence classes of) generators vectors.
Groups of small or prime order
The goal of this section is to deal with groups G of order up to 5. The actions in these cases are too numerous to be dealt with; for instance, if we consider the NEC groups Λ admitting a bordered smooth epimorphism θ : Λ → C 2 onto the cyclic group of order 2 such that the kernel of θ has algebraic genus p ∈ {2, 3, 4, 5, 6}, then we find there are 125 potential signatures for Λ -compared with 21 signatures (in Table 2 ) when C 2 is replaced by a group of order 6 or more. Hence for groups of small order, we change our aim slightly, and focus our attention on finding all the topological types of bordered surfaces of any genus on which these groups act. In addition, we include groups of prime odd order in this study, as natural generalisations of C 3 and C 5 .
Given a finite group G we say that G acts on bordered topological type (p, k, ) if there exists a bordered surface of topological type (p, k, ) on which G acts. This happens if and only if there exist an NEC group Λ and a bordered smooth epimorphism θ : Λ → G such that its kernel has signature σ = (g;
The next lemma imposes restrictions on the signature of Λ that are necessary and sufficient for Λ to admit a bordered smooth epimorphism θ : Λ → G; see [8] . 
, (−).
We start with the unique groups that act on every bordered topological type. 
, and e 1 → 1. For non-orientable topological type (p, k, −) we consider σ (Λ) as above with g = p + 1 − k, and let θ :
, and e 1 → u.
Next, we consider the case C 2 ⊕ C 2 = v, w . For (p, k, +) with p odd we take σ (Λ) = (0; +; [−]; {(2 (p+3) )}), and define θ :
, and e 1 → 1. If p is even we take σ (Λ) as above and θ :
, and e 1 → 1. For (p, k, −) we take σ (Λ) = (0; +; [2] ; {(2 (p+1) )}), θ(x 1 ) = v and θ (c i ) as in the previous case (distinguishing the parity of p). 
Proof. If there exist an NEC group Λ and an epimorphism θ : Λ → C q = u whose kernel has signature σ = (g; ±;
[−]; {(−)
}), then σ (Λ) has the same sign as σ , all the proper periods of σ (Λ) are equal to q, and all the canonical reflections of Λ (if any) belong to the kernel. Therefore σ (Λ) is of the form (g ; ±; [q
}) for some non-negative integers g , r, k . Let e 1 , . . . , e k be the hyperbolic canonical generators of Λ, and let us define
Substituting this value of k into the Riemann-Hurwitz formula applied to ker θ and Λ yields
If the sign is ''+'' then g +r +k 1 > 0 for otherwise θ would be the null homomorphism; in addition, in order for the relation
would force θ to be the null homomorphism. Conversely, suppose that there exist non-negative integers g , r, k 1 which satisfy the above conditions, and take Λ such that σ (Λ) = (g ; ±; [q (r) ]; {(−) (k ) }). Every smooth epimorphism θ : Λ → C q maps the k canonical reflections onto the identity. For each i > k 1 we define θ (e i ) = 1. We now distinguish cases. For (p, k, +) we have g + r + k 1 > 0, and so there exists a canonical generator of Λ which is mapped by θ onto a generator u of C q . Since r +k 1 = 1, the images of the canonical generators x i , e i can be easily chosen to satisfy
we have g > 0, and we map the canonical glide reflection d 1 to u. Since g + r + k 1 > 1, the images of the other canonical generators can be easily chosen to satisfy
In both cases, it is easy to see that ker θ has the appropriate signature.
Example 3.5. Let us find the bordered topological types on which the cyclic group C 3 acts. In the orientable case, the conditions in Proposition 3.4 imply that C 3 acts on (p, k, +) if and only if there exist non-negative integers g , r, k 1 with
Since p −k = 2g −1, the second condition becomes 3g +k 1 +r = g +2. If we choose g = 0 then k 1 +r = g +2 ≥ 2. There always exists a non-negative integer solution (k 1 , r) of this equation with k 1 ≡ k (mod 3) and k 1 ≤ k, for any value of k. So there always exist non-negative integers g , r, k 1 satisfying the above conditions. Thus C 3 acts on every bordered orientable topological type.
In the non-orientable case, the conditions in Proposition 3.4 imply that C 3 acts on (p, k, −) if and only if there exist non-negative integers g , r, k 1 with g + r + k 1 > 1 and g > 0 such that
Since p − k = g − 1, the second condition becomes k 1 + r = 2 + (g − 3g )/2. If g is odd and g ≥ 3 then, choosing g = 1, we get k 1 + r = 2 + (g − 3)/2 ≥ 2; if g is even and g ≥ 6 then, choosing g = 2, we get k 1 + r = 2 + (g − 6)/2 ≥ 2. It follows (as in the orientable case) that for these values of g there always exist non-negative integers g , r, k 1 satisfying the above conditions. It remains for us to consider the values g = 1, 2 and 4. • If g = 4 then k 1 + r = 2 + (4 − 3g )/2, which forces g = 2 and k 1 + r = 1, so we get a valid solution only if k ≡ 0 or 1 (mod 3).
In summary, C 3 acts on every bordered topological type (p, k, −) except in the following cases:
Example 3.6. Applying the conditions in Proposition 3.4 we can find the bordered topological types on which the cyclic group C 5 acts, in a similar way to those for the case of C 3 . It turns out that C 5 acts on every bordered topological type (p, k, ) except on those with a ''No'' in Table 1 .
To complete our study of groups of small order, we consider the cyclic group C 4 . Using methods similar to those in the proof of Proposition 3.4, we obtain the following.
Proposition 3.7. The cyclic group C 4 acts on every bordered topological type except
Actions of groups of larger composite order require a quite different approach, involving computational methods, which we describe in Section 5.
Automorphisms of NEC groups
Suppose that S is a hyperbolic 2-orbifold, that is, S = U/Λ for some NEC group Λ. Let H(S) denote the group of all homeomorphisms S → S that preserve the set of orbifold points, their types and orders. This means that a cone point is mapped to a cone point of the same order, and analogously for the corner points. Let I(S) be the normal subgroup of H(S) consisting of homeomorphisms isotopic to the identity in H(S). The quotient M(S) = H(S)/I(S) is the orbifold mapping class group of S. We denote by P M(S) the normal subgroup of M(S) consisting of the isotopy classes of those homeomorphisms that fix each cone point and each corner point. We call this group the pure orbifold mapping class group of S. If S is orientable, then we denote by M + (S) the subgroup of index 2 in M(S) consisting of the isotopy classes of orientationpreserving homeomorphisms. We also define P M
Remark 4.1. The orbifold mapping class group defined above is a generalisation of the classical mapping class group of a surface. In the classical definition, the surface may have boundary and/or punctures, but there are no orders attached to the punctures and there are no distinguished points on the boundary. Moreover, if the surface is orientable, then the mapping class group is usually defined to be the group of isotopy classes of orientation-preserving homeomorphisms, which coincides with our definition of M + (S), while the group of isotopy classes of all homeomorphisms is called the extended mapping class group.
If Λ is a Fuchsian group, then the groups Out Λ = Aut Λ/Inn Λ of outer automorphisms of Λ and M(U/Λ) are isomorphic, by Theorem 1 in [12] . This classical result was generalised to NEC groups by Fujiwara in [11] . However, his proof is very sketchy and he assumes that U/Λ has no corner points. We will use a weaker version of this result, namely Theorem 4.2 below, which we prove for completeness.
Let ψ: Λ → Λ be an automorphism of an NEC group Λ. By a theorem of Macbeath [15] there is a homeomorphism f : U → U such that ψ(g) = fgf −1 for all g ∈ Λ. Any such f takes Λ-orbits to Λ-orbits and thus induces a homeomorphism f : S → S, where S = U/Λ. It can be shown that f ∈ H (S) (see [15] ). We will prove the following (after Lemma 4.3): 
Let l be the axis of some reflection in Λ. We say that l is adjacent to X if it contains limits of sequences of points of X .
Lemma 4.3.
The group Λ is generated by the subgroup Λ X and the reflections whose axes are adjacent to X .
Proof. Let ∆ denote the subgroup of Λ generated by Λ X and reflections about axes adjacent to X . Let g be any element of Λ. Then there exist a sequence X = X 0 , . . . , X n = g(X ) of components of U 0 and a sequence of axes l 0 , . . . , l n−1 such that l i is adjacent to X i and X i+1 . Let r i denote the reflection about l i . Observe that r 0 · · · r n−1 g ∈ Λ X . We will show by induction that if l is the axis of a reflection r that is adjacent to X i , then r ∈ ∆. This is true for i = 0 by the definition of ∆, and we assume that it is true for i − 1. Note that r i−1 rr i−1 is the reflection about the axis r i−1 (l) adjacent to X i−1 . By the inductive hypothesis, r i−1 rr i−1 and r i−1 are in ∆ and thus so is r. This finishes the induction. It follows that r 0 , . . . , r n−1 are in ∆ and hence g ∈ ∆.
Suppose that l is an axis adjacent to X . The set of points of l that are limits of sequences of points of X is a closed segment of l. This set may be equal to l, or it may terminate at a point of intersection of l with another axis. Let X denote the union of X with all such segments of adjacent axes, and let S 0 denote the union of S 0 with the boundary of S. Observe that p: X → S 0 is a regular covering whose group of covering transformations is Λ X .
By the standard theory of coverings, for every point x ∈ X there is an isomorphism
Proof of Theorem 4.2. Observe that f preserves the set p −1 (B) and thus it permutes the connected components of U 0 . By composing f with an element of Λ we may assume that it preserves X and so f (X) = X . Let us fix a point x ∈ X . We claim that for g ∈ Λ X we have
where
) is the isomorphism induced by f . To prove this, let α be any path in X from x to g(x). Then f (α) is a path from f (x) to ψ(g)(f (x)) and 1] , be an isotopy such that h 0 is the identity on S and
. Letβ be the lift of β to X , whose terminal point is f (x). The initial point ofβ lies over p(x) and so it is g 0 (x) for a unique g 0 ∈ Λ X . We are going to prove that ψ(g) = g 0 gg −1 0 for every g ∈ Λ X . By (2) it suffices to prove ϕ f (x) (g 0 gg
Let α be any path in X from x to g(x). Then the right hand side of (3) is
Let δ be any path in X from x to g 0 (x). Then δβ is a path from x to f (x) and (δβ)
Similarly,β
Now the left hand side of (3) is
Thus we have proved that the restriction of ψ to Λ X is the inner automorphism ψ(g) = g 0 gg −1 0 . Note that the element g 0 depends on the point x ∈ X that we chose at the beginning. Observe, however, that the initial point of the pathβ depends continuously on x. Since Λ is discrete, it follows that all x yield the same g 0 .
To finish the proof it suffices, by Lemma 4.3, to show that ψ(r) = g 0 rg −1 0 for every reflection r about an axis adjacent to X . Accordingly, suppose that the point x lies on the segment of the axis l of r, so that p(x) lies on the boundary of S and p(x) is not a corner point. Observe that the path β from p(x) to p(f (x)) is contained in the boundary of S and since all homeomorphisms h t of the isotopy are in H(S), the path β does not pass through a corner point. It follows thatβ is contained in an axis adjacent to X . Hence f (x) and g 0 (x) lie on the same axis f (l) = g 0 (l) and thus frf Proof. It is clear that since f i fixes the cone and corner points, ϕ i fixes the elements of C. Let ψ ∈ Aut Λ fix the elements of C. By Macbeath's theorem, there is a homeomorphism h: U → U such that ψ(g) = hgh −1 for all g ∈ Λ. Let h ∈ H (S) be the induced homeomorphism. Since the isotopy classes of f i generate P M(S), we know that
for some i 1 , . . . , i k ∈ {1, . . . , n} and e 1 , . . . , e k ∈ {−1, 1}. Now consider the automorphism ϕ: Λ → Λ given by
and the homeomorphism f : U → U given by
Observe that ϕ(g) = fgf −1 for all g ∈ Λ, and that the homeomorphism of
Theorem 4.2, ϕ is inner and hence the class of ψ in Out 0 Λ is a product of the classes of ϕ i .
In order to classify finite group actions on bordered surfaces we need to deal with the automorphism groups of certain NEC groups. For our purposes, these NEC groups are the ones whose signatures occur in the first column of Table 2 
−''. In the third signature we also assume that C = (n). For the rest of this section we assume that the signature of Λ is one of these. The canonical generators of Λ are
some of them may equal 1, and except in the third signature, c 20 = c 21 .
We say that a permutation τ of the set {1, . . . , s} is reflecting if it is a product of a power of the cyclic permutation (123 . . . s) and the permutation i → s + 1 − i. Denote by Σ C the subgroup of the symmetric group Σ s on s letters consisting of all permutations τ satisfying n i = n τ (i) for i = 1, . . . , s, which are either powers of the cyclic permutation (12 . . . s) or reflecting permutations. Observe that Σ C is either trivial or cyclic or dihedral.
Let a i be the cone point of order m i in S = U/Λ for i = 1, . . . , r and let b j be the corner point of order n j in ∂S for j = 1, . . . , s, all b j lying on the same boundary component. Then H i = x i is the stabiliser in Λ of a point in U lying over a i and G j = c 1(j−1) , c 1j is the stabiliser of a point lying over b j . If Λ has the third signature then we also define G = c 20 , c 21 . Denoting by [G] the conjugacy class of G in Λ, we have
Let ϕ ∈ Aut Λ. By Macbeath's theorem, ϕ(g) = fgf −1 for some f : U → U. The induced homeomorphism f : S → S maps each cone point to a cone point of the same order, and analogously for the corner points. If ∂S has two components, then either these two components have different numbers of corner points, or they have one corner point each but with different orders.
It follows that f fixes each boundary component, and thus it permutes the corner points b j , either preserving or reversing their cyclic order. Hence ϕ[
] for some permutations ρ ∈ Σ r and τ ∈ Σ C . Clearly m i = m ρ(i) . Let K denote the subgroup of Σ r consisting of all permutations ρ satisfying m i = m ρ(i) for i = 1, . . . , r. The mapping ϕ → (ρ, τ ) yields a homomorphism Out Λ → K × Σ C whose kernel is Out 0 Λ. It is a consequence of the classification of NEC groups (see [15] ) that this homomorphism is surjective -that is, every ''admissible'' permutation of C can be realised by an automorphism of Λ. We next exhibit such automorphisms for generators of K × Σ C .
Suppose Σ C contains a reflecting permutation τ 1 . Then τ 1 has order 2 and it has the form
where k = τ 1 (1). We define ϕ 1 ∈ Aut Λ on the canonical generators by setting
It can be checked that ϕ 1 does indeed preserve the relations of Λ. Note that ϕ 1 fixes the conjugacy classes [H j ] for j = 1, 2, 3, and ϕ[
Let τ 2 be the generator of the maximal cyclic subgroup of Σ C . Then
for some integer l dividing s. Consider the automorphism ϕ 2 defined by setting
and letting ϕ 2 be the identity on the remaining generators. As previously, it can be checked that ϕ 2 is indeed an automorphism of Λ that fixes the conjugacy classes [H j ] for j = 1, 2, 3, and satisfies ϕ[ 
and letting ψ 1 and ψ 2 be the identity on the remaining generators. Lemma 4.6. Suppose that Λ has signature of the form (4) . Then every automorphism α ∈ Aut Λ is a composition
where ι ∈ Inn Λ, α 0 represents an element of Out 0 Λ and ϕ 1 , ϕ 2 , ψ 1 , ψ 2 are the automorphisms defined above, N ∈ {0, . . . , s−1} , M ∈ {0, 1, 2}, and ε i ∈ {0, 1}.
Proof. This is a straightforward consequence of the exactness of the sequences
where K is a subgroup of Σ 3 , and Σ C (if non-trivial) is generated by τ 1 and/or τ 2 .
Remark 4.7. Suppose θ 1 , θ 2 : Λ → G are two smooth epimorphisms that are equivalent via α ∈ Aut Λ and β ∈ Aut G, so that θ 2 α = βθ 1 . If α = ια for some ι ∈ Inn Λ, then θ 2 α = β θ 1 , where β = ι β for some ι ∈ Inn G. Indeed, if ι is conjugation by λ ∈ Λ, then ι is conjugation by θ 2 (λ −1 ). This means that, in order to classify epimorphisms, we may consider that the inner automorphism ι in Lemma 4.6 is trivial. Proof. The orbifold S = U/Λ is a disc with zero or one cone point, or an annulus, or a Möbius band, with s corner points on one component b of ∂S. Suppose that f ∈ H(S) fixes each corner point. Since s ≥ 3, f preserves orientation of b and it can be isotoped in H(S) to a homeomorphism equal to the identity on b. We claim that such homeomorphism is isotopic to the identity in H(S). This follows from Alexander's Theorem (see Theorem 5.2 in [10] ) if S is a disc, from Theorem 3.1 in [10] if S is a Möbius band, or from the proof of Theorem 5.6 in [10] if S is an annulus. Thus P M(S) is trivial, and therefore so is (x 1 , c 0 , c 1 , c 2 , c 3 , e 1 ) by the following generator vectors:
We claim that these are inequivalent actions, as indicated in the corresponding table in Section 5.3. For suppose that there exist α ∈ Aut Λ and β ∈ Aut G such that θ 2 α = βθ 1 . By Lemma 4.6 and Proposition 4.8, the automorphism α is of the form α = ι • ϕ ε 1 1 , where ι ∈ Inn Λ, ε 1 ∈ {0, 1} and ϕ 1 is defined on the canonical generators of Λ by ϕ 1 : (x 1 , e 1 c 2 e 1 , e 1 c 1 e 1 , c 3 , c 2 , e 1 ) .
By Remark 4.7 we may assume that ι is trivial. Observe that α(x 1 ) = x 1 and so β(u) = βθ 1 (
On the other hand, we also have β(u) = βθ 1 (c 3 ) = θ 2 α(c 3 ), which equals either θ 2 (c 3 ) = vuv or θ 2 (c 2 ) = v, giving a contradiction in both cases. where C = (n) or C = (n 1 , n 2 ). Then Out 0 Λ has order 2.
Proof. Suppose that f ∈ H(S) fixes each cone and corner point, and preserves orientation of S if S is orientable, or preserves orientation of ∂S in case (d). We claim that any such homeomorphism is isotopic to the identity in H (S). For signatures (a) to (d) this follows from the same argument as in the proof of Proposition 4.8. If Λ has signature (e), then P M + (S) can be identified with the pure mapping class group of a sphere with three punctures, which is well-known to be trivial. In each case H(S) contains an orientation-reversing homeomorphism, so P M(S) has order 2. By Corollary 4.4, Out 0 Λ has at most two elements. To finish the proof it suffices to find one automorphism of Λ that is not inner. We define η on the canonical generators by 
Proof. The orbifold S = U/Λ is a Möbius band with one cone point. The group P M(S) may be identified with the pure mapping class group of the projective plane with two punctures, which has order 4 (by Corollary 4.6 in [14] ). It follows from Corollary 4.4 that Out Λ = Out 0 Λ has order at most 4. It is easy to check that ϕ and ψ are automorphisms that induce distinct non-trivial automorphisms of H 1 (Λ), and thus they represent distinct elements of order 2 in Out 0 Λ. 
are inequivalent. Indeed, suppose that θ 2 α = βθ η(e 1 ) = e
and satisfying the relations η 2 = (ητ ) 2 = 1. Proof. Let us identify S = U/Λ with the unit disc in R 2 , and assume that the corner points are (0, −1), (0, 1), while the cone points are (0, 0) and (0, 1/2). Let h be the right Dehn twist about ∂S. Suppose that f ∈ H(S) preserves orientation and fixes each orbifold point. After composition with some power of h and an isotopy in H(S), we may assume that f is the identity on ∂S ∪ I, where I = {(0, y) | 0 ≤ y ≤ 1}. It follows that f ∈ I(S) by cutting S along I and applying Alexander's theorem. Thus P M + (S) is generated by the isotopy class of h, and P M(S) is generated by the isotopy classes of h and any orientation-reversing homeomorphism k, that may be taken to be the reflection (x, y) → (−x, y). Then, by the well-known properties of Dehn twists, we have
As explained in [15] , Λ has a fundamental region F ⊂ U which is a marked 9-gon with sides labeled
in clockwise order, where x 1 , x 2 are the rotations about vertices of F such that x i (ξ i ) = ξ i for i = 1, 2, and e 1 is an orientation-preserving transformation of U such that e 1 ( 1 ) = 1 , and c j is the reflection about γ j for j = 0, 1, 2. We denote by P the vertex of F between γ 1 and γ 2 , and the remaining vertices by Q , R, T , R , W , R , Q , Z in clockwise order. We may assume that p(P)
, where p: U → S is the canonical projection. Also let δ 1 and δ 2 be the diagonals in F from R to R and from R to R respectively.
. If X is the connected component of U 0 containing the interior of F , then we have the isomorphism
defined in the last paragraph before the proof of Theorem 4.2. Observe that x 1 , x 2 , e 1 ∈ Λ X and P is connected to e 1 (P) in X by the path of edges γ
2 ), where γ −1 i means that we travel along γ i in the anticlockwise direction. Let α denote the projection of this path to S 0 , so that ϕ P (e 1 ) = [α]. Similarly, P is connected to x 1 (P) by the path γ 2 ( 1 )
2 ), and to x 2 (P) by γ
. Let β 1 and β 2 denote the projections of these paths, respectively, and observe that β i is a loop going once around the puncture obtained by deleting the cone point of order m i from S, while α goes once around the boundary. We have
Let us denote this group by π , and observe that it is the free product of two cyclic groups.
The mapping class group P M(S) acts on π by
2 α]. It can be checked, using the normal form in a free product and the presentation (5) , that the homomorphism P M(S) → Aut π is injective.
Let
Since τ and η preserve c 1 , c 2 , we know that f 1 and f 2 fix P. The action of the induced homeomorphisms of S on π can be read from the formula (2), namely
to deduce (using the injectivity of P M(S) → Aut π ) that f 1 and f 2 are isotopic to h and k respectively. By Corollary 4.5, Out 0 Λ is generated by the classes of τ and η. (x 1 , x 2 , c 0 , c 1 , c 2 , e 1 ) of Λ by the generator vectors
are inequivalent. Indeed, suppose that there exist α ∈ Aut Λ, β ∈ Aut G such that θ 2 α = βθ 1 . By Lemma 4.6, Remark 4.7 and Proposition 4.14, we may assume that α is of the form α = τ
, where n ∈ Z, i ∈ {0, 1}, and τ , η, ϕ 2 , ψ 1 are defined on the canonical generators of Λ by Then Out 0 Λ is generated by the class of the automorphism τ defined on the canonical generators by
, and j = 0, 1, 2, 3.
Proof. As in the proof of Proposition 4.14, if f ∈ H(S) is a homeomorphism induced by the automorphism τ , then f is isotopic to the Dehn twist h about ∂S, which generates P M(S) = P M + (S). The proposition follows from Corollary 4.5. 
Group actions for small genus
In this section we classify the actions of groups of order at least 6, up to topological equivalence, on bordered surfaces (both orientable and non-orientable) of algebraic genus p between 2 and 6. The action of a finite group G on a bordered surface S may be constructed by means of an NEC group Λ and a bordered smooth epimorphism θ : Λ → G, as explained in Section 2. Since a presentation for Λ is given by its signature, we first have to find all possible signatures for Λ. This can be achieved in a straightforward way by means of the Riemann-Hurwitz formula and Lemma 3. Table 2 .
If the action of a finite group G on a surface S is described by means of a bordered smooth epimorphism Λ → G, then the branching data of the canonical projection S → S/G are collected in the signature of Λ. Clearly, different branching data correspond to different actions, although the converse is not true. We define the branching data of such an action to be the signature of Λ. To save space, the branching data of group actions corresponding to signatures with g = 0 are represented by (n 1 , . . . , n s ) if there are no proper periods, and by [m 1 , . . . , m r ]; (n 1 , . . . , n s ) otherwise. Similar abbreviations are used for the other signatures, and they appear in the second column in Table 2 .
Inequivalent group actions on the same surface with the same branching data are detected by means of their generator vectors. Recall from Section 2 that the vector of canonical generators of the NEC group Λ is a specific ordered set of generators of Λ, and the images of the elements of this ordered set under any bordered smooth epimorphism from Λ onto a group G is then called the generator vector for the corresponding action of G. The ordering that we have chosen for the vector of canonical generators of the NEC group Λ depends only on its signature, and is shown in the third column in To find all possible actions (up to equivalence) with a given signature and up to a given algebraic genus p, we take an NEC group Λ with that signature, find all normal subgroups of up to the appropriate index in Λ, and eliminate those which cannot be the kernel of a bordered smooth epimorphism. The relation between the algebraic genus and the index in Λ is given by the Riemann-Hurwitz formula, the first being a linear function of the second. In order to find such normal subgroups, one can use recent variants of the well-established algorithm (due to Sims et al.) for determining subgroups of up to a given index in a finitely presented group. One possibility (the one that we used to obtain the results given in this section) is the lowx computer program, as described in [9] . This involves a back-track search through a tree, with nodes at level k corresponding to certain subgroups generated by conjugacy classes of k distinct elements. Another, faster, version is the new LowIndexNormalSubgroups process developed recently by Derek Holt and his student David Firth (at the University of Warwick) and available in the computational algebra system Magma [3] . The latter process can find normal subgroups of index up to 100,000 by systematic enumeration of possibilities for a composition series of the quotient.
In practice, the application of either method for finding normal subgroups of small index in an NEC group Λ with relatively few generators and relations takes very little time indeed. One can obtain all normal subgroups Γ of up to the specified index in Λ, together with a set of representatives of conjugacy classes of elements generating each one (or equivalently a set of additional relators which yield the associated factor group Λ/Γ when adjoined to the presentation of Λ), along with a coset table indicating the natural permutation representation of Λ on the cosets of the normal subgroup Γ in each case. From the information provided it is then a simple matter to calculate the orders of the images of particular elements of Λ in the quotient group G = Λ/Γ and other properties of the epimorphism Λ → Λ/Γ . In particular, we determine which normal subgroups Γ can be the kernel of a bordered smooth epimorphism θ : Λ → Λ/Γ , obtaining therefore the list of all finite groups G = Λ/Γ acting with signature σ (Λ) on the corresponding surface. For each such subgroup Γ we then determine the algebraic genus and other parameters of the corresponding action of G (see below). 
and hence for genus p ≤ 6 we have |G| ≤ 10m/(m − 2) ≤ 30. Using the low index normal subgroups process described in [9] , it takes only seconds to find all normal subgroups Γ of index up to 30 in this group in the case where m = 3. Then, using Magma [3] , it takes just a few seconds more to check the properties of the epimorphism θ : Λ → Λ/Γ for each one.
In fact whole families of possibilities for Λ can be considered at once, by discarding one or more generators or relations.
For instance, discarding the relation x m = 1 in the above example gives another finitely presented group (having the given NEC group Λ as a quotient), to which the same computational methods can be applied. It still takes only seconds to find all normal subgroups of index up to 30, and the subsequent Magma computation can determine for each normal subgroup the order of the image of x in the corresponding quotient, for use as the value of m in the Riemann-Hurwitz formula.
Similarly, rather than checking for those normal subgroups that are bordered surface groups, we can ensure in advance that we have a bordered surface group as kernel by forcing one of the generators c ij into the kernel. This is equivalent to killing that generator in the presentation of the NEC group, and gives rise to an even simpler presentation. As an illustration, For each normal subgroup Γ of Λ, the topological type of the bordered surface U/Γ on which G = Λ/Γ acts is easily determined as follows. The algebraic genus p is given by the Riemann-Hurwitz formula; the number k of boundary components can be found from a presentation of the normal subgroup Γ (obtainable using the Reidemeister-Schreier process), or more directly using the method described in [6 corresponding to an action of the quotient G on a surface of algebraic genus between 2 and 6 inclusive. In fact there are three, four, four, seven and five different normal subgroups for algebraic genus 2, 3, 4, 5 and 6 respectively. For genus 2, the quotients via the three normal subgroups are C 4 , C 6 and D 3 , with the order m of the image of the generator x in the quotient being 4, 3 and 3 respectively. (As these three quotients are non-isomorphic, equivalence of actions does not need to be checked.) These three normal subgroups give actions on surfaces of topological type (2, 2, −), (2, 3, +) and (2, 1, +) respectively. For genus 6, the quotients via the five normal subgroups are C 12 , C 14 , D 7 , Hol(C 5 ) ∼ = C 5 C 4 and Hol(C 5 ), with the order m of the image of the generator x in the quotient being 12, 7, 7, 4 and 4, respectively. (Of these, just the last two need to be checked for possible equivalence; in fact, they are equivalent under the outer automorphism that takes x to x −1 and c to c.) Hence we get just four actions, on surfaces of topological type (6, 6, −), (6, 7, +), (6, 1, +) and (6, 2, −) respectively.
To enumerate actions up to equivalence, it is still necessary to take care of normal subgroups that are conjugate to at least one other by some automorphism α ∈ Aut Λ of the given NEC group Λ. At this point, results from Section 4 play a key role. Lemma 4.6 provides a decomposition of α as α = ι • α 0 • α 1 where ι ∈ Inn Λ, α 0 ∈ Out 0 Λ and α 1 runs over a finite list of automorphisms explicitly described before Lemma 4.6. By Remark 4.7, we may assume that the inner automorphism ι is trivial. Propositions 4.8, 4.10 and 4.12 give an explicit description of the outer automorphism α 0 for each NEC group Λ whose signature occurs in Table 2 , except for those with signature σ 10 , σ 11 , σ 12 , σ 16 or σ 18 . These propositions show that Out 0 Λ is finite (and very small indeed), and so looking for conjugate normal subgroups is easy in these cases. For the above example, by Proposition 4.10 this is simply a matter of checking whether the outer automorphism taking x to x −1 and c 0 to c 0 (and c 1 to x 2 c 1 x −2 ) conjugates the normal subgroup to a different one, and again this is easily done by computation (with the help of the coset table). Other examples can be handled similarly.
If the signature of Λ is σ 10 , σ 11 , σ 12 , σ 16 or σ 18 , then it is still easy to look for normal subgroups that are conjugate by some automorphism α 1 in the finite list given before Lemma 4.6. After eliminating generator vectors that are equivalent to another one under some α 1 , there are still examples of groups G acting (on the same topological type and with the same signature) with different generator vectors. To decide whether these are equivalent or not, we have to deal with outer automorphisms α 0 ∈ Out 0 Λ. In contrast to the cases in the paragraph above, the group Out 0 Λ is infinite for these five signatures, and so our computational methods do not apply here.
If Λ has signature σ 10 or σ 11 , explicit generators for Out 0 Λ are given in Propositions 4.14 and 4.16. These were used to show inequivalence of two generator vectors of D 4 acting on topological type (5, 4, +), as in Example 4.15, and similarly for three generator vectors of D 3 acting on topological type (6, 1, −), as in Example 4.17. There are no other instances of different generator vectors for the same group G acting on the same topological type with signature σ 10 or σ 11 .
As for σ 12 , σ 16 and σ 18 , there are nine pairs of different generator vectors (θ 1 , θ 2 ) for the same group G acting on the same topological type with any of these signatures, namely those occurring in Examples 5.1 below. For NEC groups Λ with any of these three signatures, the infinite group Out 0 Λ can also be described explicitly using the same method as in the proof of Proposition 4.14. Such a description is not necessary for our purposes, however, since it turns out that θ 1 and θ 2 are equivalent for each of these nine pairs. Indeed, in each case there exist α ∈ Aut Λ and β ∈ Aut G such that θ 2 α = βθ 1 , as we show.
Examples 5.1. In each of the nine cases below, the smooth epimorphisms θ 1 , θ 2 : Λ → G yield actions of the given group G on a bordered surface of the given topological type, that are equivalent via the given automorphisms α ∈ Aut Λ and β ∈ Aut G. The vector of canonical generators of the group Λ is the one given in Table 2 , and the automorphism α is specified just by the image of such vector. In all cases a presentation for the dihedral group D n is u, v | u 2 , v 2 , (uv) n .
( The resulting classification of group actions is given in the following tables. The tables that summarise the group actions on surfaces of genus 5 and 6 are too large to be included in this paper, but are available on request from any of the authors. Instead, for genus 5 and 6 we have included Tables 3 and 4 which show just the number of inequivalent group actions for each group G (of order 6 or more) acting on each topological type.
Group actions on bordered surfaces of genus 2
Inequivalent actions of groups of order 6 or more on topological type (2, 3, + 
